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THE BRIOT-BOUQUET SYSTEMS AND THE CENTER
FAMILIES FOR HOLOMORPHIC DYNAMICAL SYSTEMS
FENG RONG
Abstract. We give a complete solution to the existence of isochronous center
families for holomorphic dynamical systems. The study of center families for
n-dimensional holomorphic dynamical systems naturally leads to the study of
(n − 1)-dimensional Briot-Bouquet systems in the phase space. We first give
a detailed study of the Briot-Bouquet systems. Then we show the existence
of isochronous center families in the neighborhood of the equilibrium point of
three-dimensional systems based on the two-dimensional Briot-Bouquet the-
ory. The same approach works in arbitrary dimensions.
1. Introduction
We consider the holomorphic dynamical system
(1.1) z˙i = Fi(z1, · · · , zn), (i = 1, · · · , n),
where Fi’s are holomorphic functions with Fi(0, · · · , 0) = 0, i.e. the origin is an
equilibrium point of (1.1). In particular, we are interested in the existence of
isochronous center families in the neighborhood of the origin.
Let Λ(z1, · · · , zn)
T denote the linear part of (F1, · · · , Fn). The eigenvalues of
Λ are determined up to a real scaling constant (due to the scaling of the time
variable). By the well-known stable/unstable manifold theorem, Λ has at least one
purely imaginary eigenvalue if a center family exists in the neighborhood of the
origin. It is also well-known that if all the eigenvalues of Λ are purely imaginary
and equal and Λ is diagonalizable, then the origin is an isochronous center (due to
a holomorphic linearization in the neighborhood of the origin, cf. [1]).
In [5], Needham showed the existence of an isochronous center family in the
neighborhood of the origin for (1.1) assuming that Λ has only one purely imaginary
eigenvalue. In [6], Needham and McAllister focused on two-dimensional systems
and proved similar results assuming that both of the eigenvalues of Λ are purely
imaginary and Λ is diagonalizable. In both papers, the approach is to study (1.1) in
the phase space and apply the Briot-Bouquet singular point theory. (Some results
on isochronous center families have also been obtained by Zhang ([7, 8]), using
other methods.)
In this paper, we use a similar approach to study (1.1) in arbitrary dimensions.
For this purpose, we need a detailed knowledge of the Briot-Bouquet systems in
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general. We give such a detailed study in Section 2. As an illustration, we give
a complete description of isochronous center families in the neighborhood of the
equilibrium point of three-dimensional systems in Section 3. One can obtain similar
description for arbitrary dimensional systems using the same method.
Note that in our study we do not assume Λ to be diagonalizable (cf. Remark
3.6). We also note that some statements in [6] are not correct (see Remark 3.4).
2. The Briot-Bouquet Systems
Since the work of Briot and Bouquet [2], many authors have worked on the Briot-
Bouquet systems (see [4] for an extensive bibliography). A Briot-Bouquet system
is of the following form
(2.1) xy′i = fi(x, y1, · · · , yn), (i = 1, · · · , n),
where fi’s are holomorphic and satisfy fi(0, 0, · · · , 0) = 0.
We are interested in the existence of holomorphic solutions of (2.1) at x = 0, for
which the matrix
A =
(
∂fi
∂yj
(0, 0, · · · , 0)
)
1≤i,j≤n
plays an important role. The one-dimensional theory is well-known since the origi-
nal work of Briot and Bouquet (cf. [3]). In higher dimensions, we have the following
basic result (cf. [4, §4, Proposition 1.1.1]).
Proposition 2.1. If none of the eigenvalues of A is a positive integer, then (2.1)
admits a unique holomorphic solution at x = 0 satisfying yi(0) = 0.
Surprisingly, it is very difficult to find an explicit treatment of the case when some
of the eigenvalues of A are positive integers in the existing literature. Therefore we
give a detailed study of this case in this section. For simplicity, we only write out
the details in dimension two, although it will be clear that similar results hold in
higher dimensions.
Assume n = 2. Let q, s be the eigenvalues of A. First suppose that only q is
a positive integer. Then after a suitable linear change of variables (2.1) can be
written as
(2.2)
{
xu′ = px+ qu+ f(x, u, v),
xv′ = rx + sv + g(x, u, v),
where f(x, u, v) =
∑
|α|≥2 aαx
α1uα2vα3 and g(x, u, v) =
∑
|β|≥2 bβx
β1uβ2vβ3 .
Suppose that u(x) =
∑
k≥1 ckx
k, v(x) =
∑
k≥1 dkx
k is a formal solution of (2.2).
Then it is easy to see that we have (1 − q)c1 = p. Thus if q = 1 and p 6= 0
then (2.2) does not have any holomorphic solutions. On the other hand, if q = 1
and p = 0, then the choice of c1 is arbitrary and other ck and dk can then be
determined recursively. Moreover, as in the proof of Proposition 2.1 in [4], one can
show that such formal solutions actually converge. Thus (2.2) has infinitely many
holomorphic solutions in this case.
If q > 1, then we make the following change of variables:
u = x(u˜ +
p
1− q
), v = x(v˜ +
r
1− s
).
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One readily checks that (2.2) then takes the form
(2.3)
{
xu˜′ = p˜x+ (q − 1)u˜+ f˜(x, u˜, v˜),
xv˜′ = r˜x+ (s− 1)v˜ + g˜(x, u˜, v˜),
where
p˜ = a200 +
p
1− q
a110 +
r
1− s
a101 +
pr
(1 − q)(1− s)
a011,
r˜ = b200 +
p
1− q
b110 +
r
1− s
b101 +
pr
(1− q)(1 − s)
b011,
with f˜(x, u˜, v˜) =
∑
|α|≥2 a˜αx
α1 u˜α2 v˜α3 and g˜(x, u˜, v˜) =
∑
|β|≥2 b˜βx
β1 u˜β2 v˜β3 .
After q − 1 such steps, (2.2) then takes the form
(2.4)
{
xu¯′ = p¯x+ u¯+ f¯(x, u¯, v¯),
xv¯′ = r¯x+ (s− q + 1)v¯ + g¯(x, u¯, v¯).
Thus by the above discussion, (2.4), hence (2.2), has no holomorphic solutions if
p¯ 6= 0 and infinitely many solutions if p¯ = 0.
In summary, we have proved the following
Proposition 2.2. Assume that A has one positive integer eigenvalue q. Let p¯ be
as in (2.4). If p¯ 6= 0 then (2.1) admits no holomorphic solutions at x = 0. If
p¯ = 0 then (2.1) admits infinitely many holomorphic solutions at x = 0 satisfying
yi(0) = 0.
Suppose now that both q and s are positive integers, with q ≤ s. First suppose
that A is diagonalizable. Then after a suitable linear change of variables (2.1) can
again be written as in (2.2). And (2.2) takes the form (2.4) after q − 1 steps.
If p¯ 6= 0 then (2.4) has no holomorphic solutions. Suppose s = q, then (2.4)
has no holomorphic solutions if r¯ 6= 0 and infinitely many holomorphic solutions if
p¯ = 0 and r¯ = 0. Suppose s > q and p¯ = 0, then after another s − q steps (2.2)
takes the form
(2.5)
{
xuˆ′ = pˆx+ (q − s+ 1)uˆ+ fˆ(x, uˆ, vˆ),
xvˆ′ = rˆx+ vˆ + gˆ(x, uˆ, vˆ).
Thus (2.5) has no holomorphic solutions if rˆ 6= 0 and infinitely many holomorphic
solutions if rˆ = 0.
In summary, we have proved the following
Proposition 2.3. Assume that A has two positive integer eigenvalues q and s,
with q < s. Let p¯ be as in (2.4) and rˆ as in (2.5). If p¯ 6= 0 or p¯ = 0 and rˆ 6= 0
then (2.1) admits no holomorphic solutions at x = 0. If p¯ = 0 and rˆ = 0 then (2.1)
admits infinitely many holomorphic solutions at x = 0 satisfying yi(0) = 0.
Proposition 2.4. Assume that A has two equal positive integer eigenvalues q and
A is diagonalizable. Let p¯ and r¯ be as in (2.4). If p¯ 6= 0 or r¯ 6= 0 then (2.1) admits
no holomorphic solutions at x = 0. If p¯ = 0 and r¯ = 0 then (2.1) admits infinitely
many holomorphic solutions at x = 0 satisfying yi(0) = 0.
Finally suppose that q = s and A is not diagonalizable. Then after a suitable
linear change of variables (2.1) can be written as
(2.6)
{
xu′ = px+ qu+ ǫv + f(x, u, v),
xv′ = rx + qv + g(x, u, v).
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Suppose first q = 1. If r 6= 0 then (2.6) has no holomorphic solutions. If r = 0
then d1 = −p/ǫ and the choice of c1 is arbitrary. Then (2.6) has infinitely many
holomorphic solutions in this case.
Suppose now q > 1. We make the following type of change of variables:
u = x(u˜ +
p+ ǫr1−q
1− q
), v = x(v˜ +
r
1− q
).
One readily checks that after q − 1 steps (2.6) then takes the form
(2.7)
{
xu¯′ = p¯x+ u¯+ ǫv¯ + f¯(x, u¯, v¯),
xv¯′ = r¯x+ v¯ + g¯(x, u¯, v¯).
Thus (2.7) has no holomorphic solutions if r¯ 6= 0 and infinitely many holomorphic
solutions if r¯ = 0.
In summary, we have proved the following
Proposition 2.5. Assume that A has two equal positive integer eigenvalues q and A
is not diagonalizable. Let r¯ be as in (2.7). If r¯ 6= 0 then (2.1) admits no holomorphic
solutions at x = 0. If r¯ = 0 then (2.1) admits infinitely many holomorphic solutions
at x = 0 satisfying yi(0) = 0.
3. The Center Families
We consider the three-dimensional complex system
(3.1)


x˙ = F (x, y, z),
y˙ = G(x, y, z),
z˙ = H(x, y, z),
where F ,G,H are holomorphic and satisfy F (0, 0, 0) = G(0, 0, 0) = H(0, 0, 0) = 0.
Denote by Λ(x, y, z)T the linear part of the above system. In [5], Needham
proved the following (cf. [5, Theorem 2])
Theorem 3.1. Assume that Λ has only one purely imaginary eigenvalue iω, with
x-axis the eigenspace. Then (3.1) has a unique x-invariant holomorphic center
manifold at the origin which contains an isochronous center family of period 2π/|ω|.
Here “x-invariant” means “tangent to the x-axis”. In what follows, we extend
this result to the case when Λ has more than one purely imaginary eigenvalues,
based on our study of the Briot-Bouquet systems in the previous section.
First suppose that Λ has two purely imaginary eigenvalues and Λ is diagonaliz-
able. By scaling, we assume that one of them is equal to i and the other equal to
iµ with µ ∈ R and |µ| ≥ 1. Then after a suitable linear change of variables, (3.1)
can be written as
(3.2)


x˙ = ix+ f(x, y, z),
y˙ = iµy + g(x, y, z),
z˙ = λz + h(x, y, z),
where Reλ 6= 0, f(x, y, z) =
∑
|α|≥2 aαx
α1yα2zα3 , g(x, y, z) =
∑
|β|≥2 bβx
β1yβ2zβ3
and h(x, y, z) =
∑
|γ|≥2 cγx
γ1yγ2zγ3 .
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To find a center manifold of the form (x(y), y, z(y)), we consider the following
initial value problem (cf. [5],[6]).
(3.3)
{
(iµy + g(x(y), y, z(y)))x′(y) = ix(y) + f(x(y), y, z(y)), x(0) = 0,
(iµy + g(x(y), y, z(y)))z′(y) = λz(y) + h(x(y), y, z(y)), z(0) = 0.
Set x(y) = yu(y) and z(y) = yv(y). Then we have
(3.4)


yu′ = (
1
µ
− 1)u+ (f˜(u, y, v)−
1
µ
ug˜(u, y, v)) + · · · ,
yv′ = (−i
λ
µ
− 1)v + (h˜(u, y, v) + i
λ
µ
vg˜(u, y, v)) + · · · ,
where f˜(u, y, v) = f(yu, y, yv)/(iµy), g˜(u, y, v) = g(yu, y, yv)/(iµy) and h˜(u, y, v) =
h(yu, y, yv)/(iµy).
Since −iλ/µ− 1 6= 0, we have v(0) = 0, i.e. z′(0) = 0. If µ 6= 1 then 1/µ− 1 6= 0.
Thus we have u(0) = 0, i.e. x′(0) = 0. By Proposition 2.1, (3.4) has a unique
holomorphic solution at y = 0. If µ = 1 then the choice of u(0), i.e. x′(0), is
arbitrary. For each choice of u(0), (3.4) has a unique holomorphic solution at y = 0
by Proposition 2.1.
To find a center manifold of the form (x, y(x), z(x)), we consider the following
initial value problem.
(3.5)
{
(ix+ f(x, y(x), z(x)))y′(x) = iµy(x) + g(x, y(x), z(x)), y(0) = 0,
(ix+ f(x, y(x), z(x)))z′(x) = λz(x) + h(x, y(x), z(x)), z(0) = 0.
Set y(x) = xu(x) and z(x) = xv(x). Then we have
(3.6)
{
xu′ = (µ− 1)u+ (g˜(x, u, v)− µuf˜(x, u, v)) + · · · ,
xv′ = (−iλ− 1)v + (h˜(x, u, v) + iλvf˜(x, u, v)) + · · · ,
where f˜(x, u, v) = f(x, xu, xv)/(ix), g˜(x, u, v) = g(x, xu, xv)/(ix) and h˜(x, u, v) =
h(x, xu, xv)/(ix).
Since −iλ − 1 6= 0, we have v(0) = 0, i.e. z′(0) = 0. If µ 6= 1 then µ − 1 6= 0.
Thus we have u(0) = 0, i.e. y′(0) = 0. Thus if µ 6∈ N then (3.6) has a unique
holomorphic solution at x = 0 by Proposition 2.1. If µ = 1 then the choice of u(0),
i.e. y′(0), is arbitrary. For each choice of u(0), (3.6) has a unique holomorphic
solution at y = 0 by Proposition 2.1. If µ ∈ N\{1}, then we rewrite (3.6) as
(3.7)
{
xu′ = (µ− 1)u− ib200x+O(2),
xv′ = (−iλ− 1)v − ic200x+O(2).
If µ = 2 then, by Proposition 2.2, (3.7) has no holomorphic solutions if b200 6= 0
and infinitely many holomorphic solutions if b200 = 0. (In the latter case we always
have u(0) = 0, i.e. y′(0) = 0, but the choice of u′(0), i.e. y′′(0), is arbitrary.) If
µ > 2 then we make µ − 2 steps of change of variables as in the previous section,
after which (3.7) becomes
(3.8)
{
xu¯′ = u¯+ p¯x+O(2),
xv¯′ = (−iλ− µ+ 1)v¯ + r¯x+O(2),
where p¯ (resp. r¯) is determined by the coefficients of f and g (resp. h). We can
then again apply Proposition 2.2.
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Note that each holomorphic solution of the Briot-Bouquet system gives a center
manifold of the original complex dynamical system. On each such center manifold
there exists an isochronous center family (due to a holomorphic linearization of the
system on the center manifold, cf. [1]).
In summary, we have proved the following
Theorem 3.2. Assume that Λ has two distinct purely imaginary eigenvalues iω1
and iω2, with x-axis and y-axis the respective eigenspaces, and |ω1| ≤ |ω2|. Then
1) System (3.1) has a y-invariant holomorphic center manifold at the origin
which contains an isochronous center family of period 2π/|ω2|.
2) If ω2/ω1 6∈ N then (3.1) has a x-invariant holomorphic center manifold at the
origin which contains an isochronous center family of period 2π/|ω1|.
3) If ω2/ω1 ∈ N, let p¯ be as in (3.8).
3.1) If p¯ = 0 then (3.1) has infinitely many x-invariant holomorphic center
manifolds at the origin, each of which contains an isochronous center family of
period 2π/|ω1|.
3.2) If p¯ 6= 0 then (3.1) has no other holomorphic center manifolds at the origin.
Theorem 3.3. Assume that Λ has two equal purely imaginary eigenvalues iω, with
(x, y)-plane the eigenspace, and Λ is diagonalizable. Then (3.1) has a unique (x, y)-
invariant holomorphic center manifold at the origin which contains an isochronous
center family of period 2π/|ω|.
Remark 3.4. The statement of Theorem 6.1(c) in [6] is incorrect. First of all the
two different subcases there are not determined by bσ0 but rather by p¯ as in the
above theorem. Second, when bσ0 = 0 (which should be p¯ = 0), (z, w) = (0, 0) (as
(x, y) = (0, 0) in our case) is not an isochronous center. Because of this, some other
statements (such as those in section 7 of [6]) also need to be modified accordingly.
Now suppose that Λ has two equal purely imaginary eigenvalues and Λ is not
diagonalizable. After scaling and a suitable linear change of variables, (3.1) can be
written as
(3.9)


x˙ = ix+ y + f(x, y, z),
y˙ = iy + g(x, y, z),
z˙ = λz + h(x, y, z).
To find a center manifold of the form (x(y), y, z(y)), we consider the following
initial value problem.
(3.10)
{
(iy + g(x(y), y, z(y)))x′(y) = ix(y) + y + f(x(y), y, z(y)), x(0) = 0,
(iy + g(x(y), y, z(y)))z′(y) = λz(y) + h(x(y), y, z(y)), z(0) = 0.
Set x(y) = yu(y) and z(y) = yv(y). Then we have
(3.11)
{
yu′ = −i+O(1),
yv′ = (−iλ− 1)v + · · · .
Due to the presence of −i, (3.11) has no solutions.
To find a center manifold of the form (x, y(x), z(x)), we consider the following
initial value problem.
(3.12)
{
(ix+ y(x) + f(x, y(x), z(x)))y′(x) = iy(x) + g(x, y(x), z(x)), y(0) = 0,
(ix+ y(x) + f(x, y(x), z(x)))z′(x) = λz(x) + h(x, y(x), z(x)), z(0) = 0.
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Set y(x) = xu(x) and z(x) = xv(x). Then we have
(3.13)
{
xu′ = 0u+ 0v + · · · ,
xv′ = iu+ (−iλ− 1)v + · · · .
Since there is no center manifold of the form (x(y), y, z(y)), we must have y′(0) =
0, i.e. u(0) = 0, which implies v(0) = 0, i.e. z′(0) = 0. Then by Proposition 2.1,
(3.13) has a unique holomorphic solution at x = 0.
In summary, we have proved the following
Theorem 3.5. Assume that Λ has two equal purely imaginary eigenvalues iω, with
(x, y)-plane the eigenspace, and Λ is not diagonalizable. Then (3.1) has a unique x-
invariant holomorphic center manifold at the origin which contains an isochronous
center family of period 2π/|ω|.
Remark 3.6. In [6], Needham and McAllister studied the two dimensional case but
assuming that Λ is diagonalizable. If we assume that Λ is not diagonalizable, then
a similar result as the above theorem holds for the two dimensional case.
Next suppose that Λ has three purely imaginary eigenvalues and Λ is diagonaliz-
able. By scaling, we assume that one of them is equal to i and the other two equal
to iµ and iν with µ, ν ∈ R and |ν| ≥ |µ| ≥ 1. Then after a suitable linear change
of variables, (3.1) can be written as
(3.14)


x˙ = ix+ f(x, y, z),
y˙ = iµy + g(x, y, z),
z˙ = iνz + h(x, y, z).
To find a center manifold of the form (x(z), y(z), z), we consider the following
initial value problem.
(3.15)
{
(iνz + h(x(z), y(z), z))x′(z) = ix(z) + f(x(z), y(z), z), x(0) = 0,
(iνz + h(x(z), y(z), z))y′(z) = iµy(z) + g(x(z), y(z), z), y(0) = 0.
Set x(z) = zu(z) and y(z) = zv(z). Then we have
(3.16)


zu′ = (
1
ν
− 1)u+ (f˜(u, v, z)−
1
ν
uh˜(u, v, z)) + · · · ,
zv′ = (
µ
ν
− 1)v + (g˜(u, v, z)−
µ
ν
vh˜(u, v, z)) + · · · ,
where f˜(u, v, z) = f(zu, zv, z)/(iνz), g˜(u, v, z) = g(zu, zv, z)/(iνz) and h˜(u, v, z) =
h(zu, zv, z)/(iνz).
The choice of u(0), i.e. x′(0), is arbitrary if and only if ν = 1 (and µ = ±1). The
choice of v(0), i.e. y′(0), is arbitrary if and only if µ = ν. For each possible choice
of (u(0), v(0)), (3.16) has a unique holomorphic solution at z = 0 by Proposition
2.1.
To find a center manifold of the form (x(y), y, z(y)), we consider the following
initial value problem.
(3.17)
{
(iµy + g(x(y), y, z(y)))x′(y) = ix(y) + f(x(y), y, z(y)), x(0) = 0,
(iµy + g(x(y), y, z(y)))z′(y) = iνz(y) + h(x(y), y, z(y)), z(0) = 0.
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Set x(y) = yu(y) and z(y) = yv(y). Then we have
(3.18)


yu′ = (
1
µ
− 1)u+ (f˜(u, y, v)−
1
µ
ug˜(u, y, v)) + · · · ,
yv′ = (
ν
µ
− 1)v + (h˜(u, y, v)−
ν
µ
vg˜(u, y, v)) + · · · ,
where f˜(u, y, v) = f(yu, y, yv)/(iµy), g˜(u, y, v) = g(yu, y, yv)/(iµy) and h˜(u, y, v) =
h(yu, y, yv)/(iµy).
The choice of u(0), i.e. x′(0), is arbitrary if and only if µ = 1. The choice of
v(0), i.e. z′(0), is arbitrary if and only if µ = ν. If ν/µ 6∈ N\{1} then for each
possible choice of (u(0), v(0)), (3.18) has a unique holomorphic solution at y = 0
by Proposition 2.1. If ν/µ ∈ N\{1}, then we rewrite (3.18) as
(3.19)


yu′ = (
1
µ
− 1)u− ia020y +O(2),
yv′ = (
ν
µ
− 1)v − ic020y +O(2).
If ν/µ = 2 then, by Proposition 2.2, (3.19) has no holomorphic solutions if
c020 6= 0 and infinitely many holomorphic solutions if c020 = 0. (In the latter case
we always have v(0) = 0, i.e. z′(0) = 0, but the choice of v′(0), i.e. z′′(0), is
arbitrary.) If ν/µ > 2 then we make ν/µ− 2 steps of change of variables as in the
previous section, after which (3.19) becomes
(3.20)

 yu¯
′ = (
1− ν
µ
+ 1)u¯+ p¯y +O(2),
yv¯′ = v¯ + r¯y +O(2),
where p¯ (resp. r¯) is determined by the coefficients of f (resp. h) and g. We can
then again apply Proposition 2.2.
To find a center manifold of the form (x, y(x), z(x)), we consider the following
initial value problem.
(3.21)
{
(ix+ f(x, y(x), z(x)))y′(x) = iµy(x) + g(x, y(x), z(x)), y(0) = 0,
(ix+ f(x, y(x), z(x)))z′(x) = iνz(x) + h(x, y(x), z(x)), z(0) = 0.
Set y(x) = xu(x) and z(x) = xv(x). Then we have
(3.22)
{
xu′ = (µ− 1)u+ (g˜(x, u, v)− µuf˜(x, u, v)) + · · · ,
xv′ = (ν − 1)v + (h˜(x, u, v)− νvf˜(x, u, v)) + · · · ,
where f˜(x, u, v) = f(x, xu, xv)/(ix), g˜(x, u, v) = g(x, xu, xv)/(ix) and h˜(x, u, v) =
h(x, xu, xv)/(ix).
The choice of u(0), i.e. y′(0), is arbitrary if and only if µ = 1. The choice of
v(0), i.e. z′(0), is arbitrary if and only if ν = 1 (and µ = ±1). If neither µ nor ν
belongs to N\{1} then for each possible choice of (u(0), v(0)), (3.22) has a unique
holomorphic solution at x = 0 by Proposition 2.1. If µ ∈ N\{1} but ν 6∈ N\{1}
then after making µ − 2 steps of change of variables as in the previous section,
(3.22) becomes
(3.23)
{
xu¯′ = u¯+ p¯x+O(2),
xv¯′ = (ν − µ+ 1)v¯ + r¯x+O(2),
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where p¯ (resp. r¯) is determined by the coefficients of f and g (resp. h). By
Proposition 2.2, (3.23) has no holomorphic solutions at x = 0 if p¯ 6= 0 and infinitely
many holomorphic solutions at x = 0 if p¯ = 0. (In the latter case the choice of
u¯′(0), i.e. y(µ)(0), is arbitrary.)
If ν ∈ N\{1} but µ 6∈ N\{1} then after making ν−2 steps of change of variables
as in the previous section, (3.22) becomes
(3.24)
{
xuˆ′ = (µ− ν + 1)uˆ+ pˆx+O(2),
xvˆ′ = vˆ + rˆx+O(2),
where pˆ (resp. rˆ) is determined by the coefficients of f and g (resp. h). By
Proposition 2.2, (3.24) has no holomorphic solutions at x = 0 if rˆ 6= 0 and infinitely
many holomorphic solutions at x = 0 if rˆ = 0. (In the latter case the choice of
vˆ′(0), i.e. z(ν)(0), is arbitrary.)
Assume now that both µ and ν belong to N\{1}. If ν = µ then, by Proposition
2.4, (3.22) has no holomorphic solutions at x = 0 if p¯ 6= 0 or r¯ 6= 0 and infinitely
many holomorphic solutions at x = 0 if p¯ = 0 and r¯ = 0. (In the latter case the
choices of u¯′(0) and v¯′(0), i.e. y(µ)(0) and z(µ)(0), are arbitrary.)
If ν > µ then, by Proposition 2.3, (3.22) has no holomorphic solutions at x = 0
if p¯ 6= 0 or p¯ = 0 and rˆ 6= 0 and infinitely many holomorphic solutions at x = 0 if
p¯ = 0 and rˆ = 0. (In the latter case the choices of u¯′(0) and vˆ′(0), i.e. y(µ)(0) and
z(ν)(0), are arbitrary.)
In summary, we have proved the following
Theorem 3.7. Assume that Λ has three distinct purely imaginary eigenvalues iω1,
iω2 and iω3, with x-axis, y-axis and z-axis the respective eigenspaces, and |ω1| ≤
|ω2| ≤ |ω3|. Then
1) System (3.1) has a z-invariant holomorphic center manifold at the origin
which contains an isochronous center family of period 2π/|ω3|.
2) If ω3/ω2 6∈ N then (3.1) has a y-invariant holomorphic center manifold at the
origin which contains an isochronous center family of period 2π/|ω2|.
3) If ω3/ω2 ∈ N, let p¯ be as in (3.20).
3.1) If p¯ = 0 then (3.1) has infinitely many y-invariant holomorphic center
manifolds at the origin, each of which contains an isochronous center family of
period 2π/|ω2|.
3.2) If p¯ 6= 0 then (3.1) has no y-invariant holomorphic center manifolds at the
origin.
4) If ω2/ω1 6∈ N and ω3/ω1 6∈ N then (3.1) has a x-invariant holomorphic
center manifold at the origin which contains an isochronous center family of period
2π/|ω1|.
5) If ω2/ω1 ∈ N but ω3/ω1 6∈ N, let p¯ be as in (3.23).
5.1) If p¯ = 0 then (3.1) has infinitely many x-invariant holomorphic center
manifolds at the origin, each of which contains an isochronous center family of
period 2π/|ω1|.
5.2) If p¯ 6= 0 then (3.1) has no x-invariant holomorphic center manifolds at the
origin.
6) If ω2/ω1 6∈ N but ω3/ω1 ∈ N, let rˆ be as in (3.24).
6.1) If rˆ = 0 then (3.1) has infinitely many x-invariant holomorphic center
manifolds at the origin, each of which contains an isochronous center family of
period 2π/|ω1|.
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6.2) If rˆ 6= 0 then (3.1) has no x-invariant holomorphic center manifolds at the
origin.
7) If ω2/ω1 ∈ N and ω3/ω1 ∈ N, let p¯ be as in (3.23) and rˆ as in (3.24).
7.1) If p¯ = 0 and rˆ = 0 then (3.1) has infinitely many x-invariant holomorphic
center manifolds at the origin, each of which contains an isochronous center family
of period 2π/|ω1|.
7.2) If p¯ 6= 0 or p¯ = 0 and rˆ 6= 0 then (3.1) has no x-invariant holomorphic
center manifolds at the origin.
Theorem 3.8. Assume that Λ has two equal purely imaginary eigenvalues iω1 and
another purely imaginary eigenvalue iω2, with (x, y)-plane and z-axis the respective
eigenspaces, ω1 6= ω2 and |ω1| ≤ |ω2| and Λ is diagonalizable. Then
1) System (3.1) has a z-invariant holomorphic center manifold at the origin
which contains an isochronous center family of period 2π/|ω2|.
2) Let r¯ be as in (3.20) and rˆ as in (3.24).
2.1) If ω2/ω1 6∈ N or ω2/ω1 ∈ N and r¯ = 0 = rˆ then (3.1) has infinitely many
(x, y)-invariant holomorphic center manifolds at the origin, each of which contains
an isochronous center family of period 2π/|ω1|.
2.2) If ω2/ω1 ∈ N and r¯ = 0 6= rˆ then (3.1) has infinitely many y-invariant
holomorphic center manifolds at the origin, each of which contains an isochronous
center family of period 2π/|ω1|.
2.3) If ω2/ω1 ∈ N and r¯ 6= 0 = rˆ then (3.1) has infinitely many x-invariant
holomorphic center manifolds at the origin, each of which contains an isochronous
center family of period 2π/|ω1|.
Theorem 3.9. Assume that Λ has one purely imaginary eigenvalue iω1 and two
other equal purely imaginary eigenvalues iω2, with x-axis and (y, z)-plane the re-
spective eigenspaces, ω1 6= ω2 and |ω1| ≤ |ω2| and Λ is diagonalizable. Then
1) System (3.1) has a (y, z)-invariant holomorphic center manifold at the origin
which contains an isochronous center family of period 2π/|ω2|.
2) If ω2/ω1 6∈ N then (3.1) has a x-invariant holomorphic center manifold at the
origin which contains an isochronous center family of period 2π/|ω1|.
3) If ω2/ω1 ∈ N, let p¯ and r¯ be as in (3.23).
3.1) If p¯ = 0 and r¯ = 0 then (3.1) has infinitely many x-invariant holomorphic
center manifolds at the origin, each of which contains an isochronous center family
of period 2π/|ω1|.
3.2) If p¯ 6= 0 or r¯ 6= 0 then (3.1) has no x-invariant holomorphic center manifolds
at the origin.
Theorem 3.10 (Poincare´ Isochronous Center Theorem). Assume that Λ has three
equal purely imaginary eigenvalues iω and Λ is diagonalizable. Then (3.1) has an
isochronous center at the origin, with period 2π/|ω|.
Finally suppose that Λ has three purely imaginary eigenvalues and Λ is not
diagonalizable. If Λ has a 2 × 2 Jordan block then after scaling and a suitable
linear change of variables, (3.1) can be written as in (3.9), with λ replaced by iµ.
Again due to the presence of −i in (3.11) (with λ replaced by iµ), there is no center
manifolds of the form (x(y), y, z(y)). And if µ 6∈ N\{1} then, for each possible
choice of z′(0) (y′(0) = 0), we have a unique holomorphic center manifold of the
form (x, y(x), z(x)).
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If µ ∈ N\{1} then after µ − 2 steps of change of variables similarly as in the
previous section, we get
(3.25)
{
xu˜′ = (2− µ)u˜+ p˜x+O(2),
xv˜′ = iu˜+ v˜ + r˜x+O(2).
After a suitable linear change of variables, we then have
(3.26)
{
xu¯′ = (2− µ)u¯+ p¯x+O(2),
xv¯′ = v¯ + r¯x+O(2).
By Proposition 2.2, (3.26) has no holomorphic solutions at x = 0 if r¯ 6= 0 and
infinitely many holomorphic solutions at x = 0 if r¯ = 0.
To find a center manifold of the form (x(z), y(z), z), we consider the following
initial value problem.
(3.27)
{
(iµz + h(x(z), y(z), z))x′(z) = ix(z) + y(z) + f(x(z), y(z), z), x(0) = 0,
(iµz + h(x(z), y(z), z))y′(z) = iy(z) + g(x(z), y(z), z), y(0) = 0.
Set x(z) = zu(z) and y(z) = zv(z). Then we have
(3.28)


zu′ = (
1
µ
− 1)u−
i
µ
v + (f˜(u, v, z)−
1
µ
(u− iv)h˜(u, v, z)) + · · · ,
zv′ = (
1
µ
− 1)v + (g˜(u, v, z)−
1
µ
vh˜(u, v, z)) + · · · ,
where f˜(u, v, z) = f(zu, zv, z)/(iµz), g˜(u, v, z) = g(zu, zv, z)/(iµz) and h˜(u, v, z) =
h(zu, zv, z)/(iµz).
If 1/µ 6∈ N\{1} then, for each possible choice of u(0) (v(0) = 0), (3.28) has a
unique holomorphic solution at z = 0 by Proposition 2.1. If 1/µ ∈ N\{1}, then
after 1/µ − 2 steps of change of variables similarly as in the previous section, we
get
(3.29)

 zu¯
′ = u¯−
i
µ
v¯ + p¯z +O(2),
zv¯′ = v¯ + r¯z +O(2).
By Proposition 2.5, (3.29) has no holomorphic solutions at z = 0 if r¯ 6= 0 and
infinitely many holomorphic solutions at z = 0 if r¯ = 0.
If Λ has a 3 × 3 Jordan block then after scaling and a suitable linear change of
variables, (3.1) can be written as
(3.30)


x˙ = ix+ y + f(x, y, z),
y˙ = iy + z + g(x, y, z),
z˙ = iz + h(x, y, z).
Similar to the 2 × 2 Jordan block case, there are no center manifolds of the
form (x(y), y, z(y)) or (x(z), y(z), z) (due to the presence of −i). To find a center
manifold of the form (x, y(x), z(x)), we consider the following initial value problem.
(3.31){
(ix+ y(x) + f(x, y(x), z(x)))y′(x) = iy(x) + z(x) + g(x, y(x), z(x)), y(0) = 0,
(ix+ y(x) + f(x, y(x), z(x)))z′(x) = iz(x) + h(x, y(x), z(x)), z(0) = 0.
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Set y(x) = xu(x) and z(x) = xv(x). Then we have
(3.32)
{
xu′ = 0u− iv + · · · ,
xv′ = 0u+ 0v + · · · .
By Proposition 2.1, (3.32) has a unique holomorphic solution at x = 0 (with u(0) =
0, i.e. y′(0) = 0, and v(0) = 0, i.e. z′(0) = 0).
In summary, we have proved the following
Theorem 3.11. Assume that Λ has two equal purely imaginary eigenvalues iω1 and
another purely imaginary eigenvalue iω2, with (x, y)-plane and z-axis the respective
eigenspaces, and Λ is not diagonalizable. Then
1) System (3.1) has no y-invariant holomorphic center manifolds at the origin.
2) If ω2/ω1 6∈ N then (3.1) has a unique x-invariant holomorphic center manifold
at the origin which contains an isochronous center family of period 2π/|ω1|.
3) If ω1/ω2 6∈ N then (3.1) has a unique z-invariant holomorphic center manifold
at the origin which contains an isochronous center family of period 2π/|ω2|.
4) If ω1 = ω2 then (3.1) has a unique (x, z)-invariant holomorphic center mani-
fold at the origin which contains an isochronous center family of period 2π/|ω1|.
5) If ω2/ω1 ∈ N\{1}, let r¯ be as in (3.26).
5.1) If r¯ = 0 then (3.1) has infinitely many x-invariant holomorphic center
manifolds at the origin, each of which contains an isochronous center family of
period 2π/|ω1|.
5.2) If r¯ 6= 0 then (3.1) has no x-invariant holomorphic center manifolds at the
origin.
6) If ω1/ω2 ∈ N\{1}, let r¯ be as in (3.29).
6.1) If r¯ = 0 then (3.1) has infinitely many z-invariant holomorphic center man-
ifolds at the origin, each of which contains an isochronous center family of period
2π/|ω2|.
6.2) If r¯ 6= 0 then (3.1) has no z-invariant holomorphic center manifolds at the
origin.
Theorem 3.12. Assume that Λ has three equal purely imaginary eigenvalues iω
and Λ has a 3× 3 Jordan block. Then
1) System (3.1) has a unique x-invariant holomorphic center manifold at the
origin which contains an isochronous center family of period 2π/|ω|.
2) System (3.1) has no y-invariant or z-invariant holomorphic center manifolds
at the origin.
Remark 3.13. With the same method, one can readily generalize all the above
results to higher dimensions.
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